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p-ADIC DEFORMATION OF ALGEBRAIC CYCLE CLASSES 

SPENCER BLOCH, HELENE ESNAULT, AND MORITZ KERZ 

Abstract. We study the p-adic deformation properties of algebraic cycle 
classes modulo rational equivalence. We show that the crystalline Chern 
character of a vector bundle lies in a certain part of the Hodge filtration if 
and only if, rationally, the class of the vector bundle lifts to a formal pro-class 
in iT-theory on the p-adic scheme. 



1. Introduction 



In this note we study the deformation properties of algebraic cycle classes 

modulo rational equivalence. In the end the main motivation for this is to 
w ■ construct new interesting algebraic cycles out of known ones by means of a 

"*^ . suitable deformation process. In fact we suggest that one should divide such 

^ I a construction into two steps: Firstly, one should study formal deformations 

c^ ' to infinitesimal thickenings and secondly, one should try to algebraize these 

formal deformations. 

We consider the first problem of formal deformation in the special situation 

of deformation of cycles in the p-adic direction for a scheme over a complete 
^ I p-adic discrete valuation ring. It turns out that this part is - suitably in- 

[-^ ■ terpreted - of a deep cohomological and if -theoretic nature, related to p-adic 

r*^ , Hodge theory, while the precise geometry of the varieties plays only a minor 

role. 



^ ' In order to motivate our approach to the formal deformation of algebraic 

^ ■ cycles we start with the earliest observation of the kind we have in mind, 

which is due to Grothendieck. The deformation of the Picard group can be 
described in terms of Hodge theoretic data via the first Chern class. 

K> ■ Indeed, consider a field k of characteristic zero, S - kWtW, XI S a smooth 

H ■ projective variety and X„ ^^ X the closed immersion defined by the ideal {t^). 

- ■ ■' The GauB-Manin connection 

v:Hyx/s)^nJ/,®ifyx/s) 

is trivializable over S by [IKti Prop. 8.9], yielding an isomorphism from the 
horizontal de Rham classes over S to de Rham classes over k 

^:H^,^iX/Sf^H^,^iX^/k). 
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An important property, which is central to this article, is that O does not in- 
duce an isomorphism of the Hodge filtrations 

in general. This Hodge theoretic property of the map O relates to the exact 
obstruction sequence 

Pic(X„) - Pic(X„_i) -^ hHXi,©x^) 

via the first Chern class in de Rham cohomology, see HBli 

These observations produce a proof for line bundles of the following version 
of Grothendieck's variational Hodge conjecture [,Gl p. 103]. 

Conjecture 1.1. For S,i eKQiXi)^^ such that 

(D-^ochC^i) e ^F'Hl^iXIS), 

r 

there is a £,£. Ko(X)q, such that ch(^|xi) = ch(^i) e 0^ if^^(Xi/^). Here ch is the 
Chern character 

In fact, using Deligne's "partie fixe" IIDe2[ Sec. 4.1] one shows that Conjec- 
ture [LT] is equivalent to Grothendieck's original formulation of the variational 
Hodge conjecture and it would therefore be a consequence of the Hodge con- 
jecture. 

A p-adic analog of Conjecture 11.11 is suggested by Fontaine-Messing, it is 
usually called the p-adic variational Hodge conjecture. Before we state it, we 
again motivate it by the case of line bundles. 

Let ^ be a perfect field of characteristic p >0,W = W{k) be the ring of Witt 
vectors over k, K = frac(W), X/S be a smooth projective variety, X„ ^^ X be 
the closed immersion defined by ip""); so X„ = X <»w Wn,Wn = W/ip"). Then 
Berthelot constructs a crystalline-de Rham comparison isomorphism 

^:W^^iX/W)^Hl^,^iX,/W), 

which is recalled in Section [2l One also has a crystalline Chern character, see 
(I236D, 

r 

Let us assume p >2. Then one has the exact obstruction sequence 

(1.1) limPiciXn)^Pic{Xi)^H\X,p©x) 

n 

coming from the short exact sequence of sheaves 

(1.2) l-(l+p^x„)-^l„-^l,-l 
and the p-adic logarithm isomorphism 

(1.3) \og:l+p0x,,^p0Xn- 

Grothendieck's formal existence theorem [|EGA3[ Thm. 5.1.4] gives an alge- 
braization isomorphism 

Pic(X)^limPic(X„). 
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Using an idea of Deligne ODeH p. 124 b)], Berthelot-Ogus HBOlll relate the 
obstruction map in OLID to the Hodge level of the crystalline Chern class of 
a line bundle. So altogether they prove the line bundle version of Fontaine- 
Messing's p-adic variational Hodge conjecture: 

Conjecture 1.2. For S,x e Kq{X{)q such that 

cD-^och(^i) G ^F''H%{XkIK), 

r 

there is a ^ e KoiX)^, such that ch(^|xi) = ch(^i) g e^H2;.^(Xi/Wk. 

In fact the conjecture can be stated more generally over any /?-adic com- 
plete discrete valuation ring with perfect residue field. Note that there is no 
analog of the absolute Hodge conjecture available over p-adic fields, which 
would comprise the p-adic variational Hodge conjecture. So its origin is more 
mysterious than the variational Hodge conjecture in characteristic zero. 

Applications of Conjecture 11.21 to modular forms are studied by Emerton 
and Mazur, see [lEmil . 

We suggest to decompose the problem into two parts: firstly a formal defor- 
mation part and secondly an algebraization part 

KoiX) hm KoiXn) KoiXi). 

algebraization deformation 

Unlike for Pic, there is no general approach to the algebraization problem 
known. In this note, we study the deformation problem. Our main result, 
whose proof is finished in Section [121 states: 

Theorem 1.3. Let k he a perfect field of characteristic p >0, let X/W be smooth 
projective scheme over W with closed fibre Xi. Assume p > d + 6, where d - 
dim(Xi). Then for ^i g if o(-X'i)q) the following are equivalent 

(a) we have 

(D-ioch(^i)G0F'-H2^(X/S), 

r 

(b) there is a £,£. (lim Kq{Xji))q, such that £,\xi = ^i ^KoiXiJi^. 

Before we describe the methods we use in our proof, we make three remarks. 

(i) We do not handle the case where the ground ring is p-adic complete 
and ramified over W . The reason is that we use techniques related to 
integral p-adic Hodge theory, which do not exist over ramified bases. 
In fact. Theorem 11.31 is not integral, but a major intermediate result, 
Theorem l7.5l is valid with integral coefficients and this theorem would 
not hold integrally over ramified bases. 

(ii) The precise form of the condition p > d + Q orv the characteristic has 
technical reasons. However, the rough condition that p is big relative 
to d is essential for our method for the same reasons explained in (i) 
for working over the base W . 

(iii) Note, we literally lift the Kq{X{)^ class to an element in (lim KQ{Xn)]^, 
not only its Chern character in crystalline cohomology One thus should 
expect that in order to algebraize S, and in order to obtain the required 
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class over X in Conjecture ll.2[ one might have to move it to another 
pro-class with the same Chern character. 

We now describe our method. We first construct for p > r in an ad hoc way 
a motivic pro-complex Zxir) of the p-adic formal scheme X, associated to X 
on the Nisnevich site of Xi . For this we glue the Suslin-Voeveodsky motivic 
complex on Xi with the Fontaine-Messing-Kato syntomic complex on X., see 
Definition 16. 11 In Sections 3] and [5] we construct a fundamental triangle 

(1.4) p(r)n£[-l]-Zx.(r)-Zxi(r)---- 

which in weight r = 1 specializes to 01. 2D and 01. 3D . Here p{r)D.^ is a subcom- 
plex of the truncated de Rham complex of X., which is isomorphic to it tensor 
Q. In Section [7] we define continuous Chow groups as continuous cohomology 
of our motivic pro-complex by the Bloch type formula 

CHcontCX.) = Hll^,{Xi, Zxir)). 

From ( I1.4D we obtain the higher codimension analog of the obstruction se- 
quence dl.lD 

(1.5) CH^,„,(X ) ^ CH^(Xi) -^ H2;„,(Xi,p(r)n£). 

In Sections [5] and [7] we relate the obstruction map in 01. 5D to the Hodge the- 
oretic properties of the cycle class in crystalline cohomology. Using this we 
prove the analog, Theorem 17. 5[ of our Main Theorem 11.31 with lim KoiX„,) 
replaced by CHcont(^.)- 

We then define continuous if -theory Kq^^^IX,) of the p-adic formal scheme 
X, in Section m The continuous i^o-group maps surjectively to lim Ko(Xn), so 
lifting classes in Kq(Xi) to continous Kq is equivalent to lifting classes as in 
Theorem [TSl 

Using the method of Grothendieck and Gillet [Gill and relying on ideas of 
Deligne for the calculation of cohomology of classifying spaces, we define a 
Chern character 

(1.6) ch : if r'(^.)Q - Cn'-^ontiX.h. 

Finally, using deep results from topological cyclic homology theory due to 
Geisser-Hesselholt-Madsen, recalled in Section [51 we show in Section [TUl that 
the Chern character is an isomorphism for p >d + 6hy reducing it to an etale 
local problem with Z/p -coefficients. In Section [10] we also complete the proof 
of Theorem [TH 
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2. Crystalline and de Rham cohomology 

In this section we study the de Rham complex of a p-adic formal scheme X. 
and the de Rham-Witt complex of its special fibre Xi. We also introduce cer- 
tain subcomplexes, which coincide with the usual de Rham and de Rham-Witt 
complex tensor Q. These subcomplexes play an important role in the obstruc- 
tion theory of cohomological Chow groups as studied in Section [71 We will 
think of the de Rham complex of X, and the de Rham-Witt complex of Xi as 
pro-systems on the small Nisnevich site of Xi. 

To fix notation let S be a complete adic noetherian ring. Fix an ideal of 
definition J^ c S. We write S„ = S/J^". Let Schg be the category of J^-adic 
formal schemes X. which are quasi-projective over Specf(S) and such that 
X„ = X ®s SIJ"" is syntomic [FMJ over S„ = SIJ"" for all n>l. By Sms_ we 
denote the full subcategory of Schg of formal schemes which are (formally) 
smooth over S,. 

In the following let S = W = W{k) be the ring of Witt vectors of a perfect field 
k, p = char^ > and fix the ideal of definition J' ={p). Let X. be in Sch^y . 

Definition 2.1. For Set resp. Snis the small etale resp. Nisnevich site of Xi, 
we write 

Spro(Xi)et/Nis for Spro(Set/Nis) 

Shpro(Xi)et/Nis for Shpro(Set/Nis) 

Cpro(-X^l)et/Nis for Cpro(Set/Nis) 

Dpro(Xi)et/Nis for Dpro(Set/Nis), 

where the right hand side is defined in generality in Appendix |A| and |Bl If we 
do not specify topology we usually mean Nisnevich topology. 

Note that the etale (resp. Nisnevich) sites of Xi and X„ {n > 1) are isomor- 
phic. 

Definition 2.2. 

(a) We define 

(2.1) f^X. ^ ^pro(-^l)et/Nis 

as the pro-system of de Rham complexes n ^^ Q^ ^^ . 

(b) We define 

(2.2) ^.^Xi ^ Cpro(Xi)et/Nis 

as the pro-system of de Rham-Witt complexes [|ll|. 
Definition 2.3. We define 

^■^Xi.log ^ Shpro(Xi)gt/Nis 

as pro-system of etale or Nisnevich subsheaves in W„n^ which are locally 
generated by symbols 

d\og{Va{\,...,\aA}, 
with ai, . . . ,a^ e ©^ local sections and where [-] is the Teichmiiller lift ([11], p. 
505, formula (1.1.7)). 



Clearly e* W„n^ ^^.^ = W„n^^^ and Kato shows IlKll 
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Proposition 2.4. The natural map 

(2-3) W'^n^,log,Nis^^*W""x,log,et 

is an isomorphism, in other words e* W„n^ ^^ ^^ is Nisnevich locally generated 
by symbols in the sense of Definition ^. 3\ 

Definition 2.5. For r <p we define 

p(r)n^_ G Cpro(-X'i)et/Nis 

as the de Rham complex 

P'~6x. - p'-'ni. - . . . ^ pQ^;! - n^_ - n£i ^ . . . . 

For r <p we define 

g(r)W.n^^ e Cpro(Xi)et/Nis 

as the de Rham-Witt complex 

p'-^VWPxi -p'""Vw.n^^ - ... 

here V stands for the Verschiebung homomorphism (see UL P- 505]). 



Remark 2.6. It is of course possible to define analogous complexes p{r)D.'^ 
and g(r)W.O^ in case r > p hy introducing divided powers HFMH . Unfortu- 
nately, doing so introduces a number of problems both with regard to syn- 
tomic cohomology and later in section [51 so we have chosen to assume r < p 
throughout. 

In the rest of this section we explain the construction of canonical isomor- 
phisms 

(2.4) VL'x ^W.VL'x^ in Dpro(Xi) 

(2.5) p(r)n^_ ^ g(r)WQ^^ in Dpro(Xi). 

Recall the following construction, see [II, Sec. II. 1], [1X2 ' Section 1]. For 
the moment we let X, be a not necessarily smooth object in Sch^y . We fix 
a closed embedding X, ^ Z,, where ZJW. in Smvv^ is endowed with a lifting 
F : Z, —* Z, over F : W. ^ W. of Frobenius on Zi. One defines the PD envelop 
Xn -^ Dn = Dx^iZn). Recall that Z)„ is endowed with a de Rham complex 
Q.'jj 1^ := ©Bn ®&Zn ^'z /w satisfying dj'^ix) = Y"~^ix)dx where n\ ■ 7"(x) = x". 
We define J„ to be the ideal of X„ cZ)„ and /„ = (Jn,p) to be the ideal sheaf of 
Xi <^Dn- Then J„ and /„ are nilpotent sheaves on Xiet with divided powers 
J^^ and 7|/l If J < p one has J^'^ = Ji and I^^ = li 

As before the etale (resp. Nisnevich) sites of Xi and Dn in > 1) are isomor- 
phic. In the following by abuse of notation we identify these equivalent sites. 

We continue to assume r <p. 
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Definition 2.7. (see [K2, p.211]) One defines Jir)D.'jj e Cpro(-D.)et/Nis as the 
complex 

One defines /(r)Q^ e Cpro(-D.)et/Nis as the complex 

jr ^ j(r-l) ^^^^ q1 ^ ^ ^ /_ ^^^^ Q^-1 ^ ^^^ ^^^^ 0^_ - . . . . 

For the rest of this section we assume X. is in Smw. ■ The lifting of Frobenius 
F defines a morphism 

n 

^Dn^U^Dn, x^ix,Fix),...,F''-Hx)), 
1 

which induces a well defined morphism $(F) : ^d^ ~^ Wn&Xi, which in turn 
induces a quasi-isomorphism of differential graded algebras [II, Sec. II. 1] 

(2.6) o(F):n^^-w„n^^. 

The restriction homomomorphisms 

(2.7) O* ^n' 

(2.8) J(r)n* ^nf 

(2.9) I{r)n'jj^^p{r)D:x, 

are quasi-isomorphisms of differential graded algebras HBOll 7.26.3]. We get 
isomorphisms 



(2.10) n^ ^ n^ 



(*) 



9(F) 



W.D.'^^ 



which induce a canonical dotted isomorphism (*) in Dpro(-X'i)et/Nis) indepen- 
dent of the choice of Z. 

Proposition 2.8. For X, e Sm^^ the diagram ( I2.10D induces the diagram 

pir)n'^ ^^— Iir)n'^ 

qir)Wn'^^ 

whose maps are isomorphisms in Dpro(-X'i)et/Nis- They induce a canonical iso- 
morphism (*), independent of the choice of Z. 

Proof We have to show that 0(F) is an isomorphism in Dpro(-X'i)et/Nis- By 
02. 9D we can without loss of generality assume X. = Z. = D, are affine with 
Frobenius lift F. Let d = dim Xi. Consider sequences v* := vq - ^i - • • • - v^ > 
Vrf+i - with Vj+i > Vj - 1 and Vj < p for all < i < cZ. We also assume v^+i - 
max(0,Vd - 1). To any such sequence we associate a subcomplex g(v*)W.n^ 
of W.D.'-^ as follows: 

ip^^W.ni, for Vi^vi+i 

(2.11) qivJWn' =\ ^1 . 
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This is indeed a subcomplex (because VWn^-^ ^ pW,D,^^ ). correspond to the 
sequence Vi - max(0,r - i). We get a map 

(2.12) (D(F):p^-n^ -g(vJW.n^^. 

Lemma 2.9. The map 0(F) in ( I2.12D induces an isomorphism in Dpro(-X'i)et/Nis- 

We proceed by induction on N = Y.'Vi- If N = the assertion is that O^ -^ 
WQai is a quasi-isomorphism, which is Illusie's result lUll Thm. II. 1.4]. Sup- 
pose N >0 and assume the result for smaller values of N. Let i be such that 
vq = ■■■ -Vi> Vj+i. Define a sequence /i* such that [J-j = Vj for j >i + l and such 
that jj-j -Vj-1 for j <i. By induction p^'Q^ ^g(^*)W.n^ is an isomorphism 
in Dpro(-X'i)et/Nis- One has, up to isomorphism 

(2.13) P^'^x Ip'^'^'x = ^Zi ^ ^^x^ 

(2.14) g(|U*)W.n^/g(v*)W.n^^ = 

w(Xi)/pW(Xi) ^ • • • ^ w^^l'p'^-^xi ^ w nj^/y w njf^ 

Complexes ( I2.13D and ( I2.14D are quasi-isomorphic by [Ull Cor. 1.3.20], prov- 
ing the lemma. Note we are using throughout that multiplication by p is a 
monomorphism on V7.0^ . D 

For X\lk projective we work with the crystalline cohomology groups 

(2.15) <i,(Xi/W) = ifJ,,,(Xi,WQi^) 

and the refined crystalline cohomology groups H^^^^^{X\,q{r)W.D.'x ^- '^^^ ^^^' 
nition of continuous cohomology groups is recalled in Definition lB.61 Note that 
because if'(Xi, W„Q^ ) are W„ -modules of finite type, we have 

Hi^^,{Xi, W.D.x^) = limH'(Xi, W^O^^) 

n 

Hl^,iXi,qir)Wn'x^)^limH\Xi,qirWnnx^). 

n 

For the same reason we have for de Rham cohomology 

n 

HLt^Xi,pir)a'x) = limH'iX^,pir)nxl 

n 

In particular if X. is the p-adic formal scheme associated to a smooth projec- 
tive scheme XIW we get /fJ^^^(Xi,n^ ) = H^(X,0^/^) by [IEGA31 Sec. 4.1]. 

Gros [G] constructs the crystalline Chern character 

(2.16) ifo(Xi)^0if^2;.^(Xi/W)Q 

r 

using the method of Grothendieck, i.e. using the projective bundle formula. 
The crystalline Chern character is a ring homomorphism. 
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3. Syntomic complex and de Rham-Witt sheaves 

We introduce the syntomic complex PK21 in the etale and Nisnevich topologies 

and collect some facts about de Rham-Witt sheaves. 

Let X, be in Sch^y and let X. ^^ Z). be as in Section |2J Assume r < p. Then 

p'' 
the morphism Q.%. — ► Ql^ of complexes of sheaves on Xi et is injective, and 

the Frobenius map 

J-'n+r J-'n+r 

factors through Dn — * ^n . see [|K2l Section 11. 

Definition 3.1. ( I1K2[ Cor. 1.5]) One defines the morphism 

fr : Jir)D.'jj -^ Q^ 
of complexes in Shpi.o(-X'i)et via the factorization 

of the Frobenius F. 

Note that /V is defined using the existence of X„+^, not directly on X„. 

Definition 3.2. (PK2', Defn. 1.6]) We define the syntomic complex Gxir)ei in 
the etale topology by 

©z.(r)et = corye[J{r)n}y ^^ O^^jL-l], 

which we usually consider as an object in Dpro(-X'i)et. 

In the Nisnevich topology we define &xir) £ Dpro(-X^i)Nis to be 

&xir) - T<^i?C*6x.(r)et- 

Here e : Xi et -^ Xi nis is the morphism of sites and T<r is the 'good' trunca- 
tion. This definition does not depend on the choices {Z,F), see comment after 
DM. Defn. 1.6]. 

It is well known, see JMl Thm. 6.1(1)], that 

e*©x.(r) = 6z.Wet- 

For the rest of this section let Xi be a smooth quasi-projective scheme over 

k and let p,r g N be arbitrary Recall from [II, Prop. 1.3.3, (3.3.1)] that the 

p 
internal Frobenius Wn+i^'x ~^ ^n^'x induces a well defined homomorphism 

Fr : w„n^^ - w„n^/(iy"-ics7/ 

by first lifting local sections of W„Q^ to Wn+i^x ^^^ then applying F to it. 
Furthermore, by definition of /Vj one has a commutative diagram in Shpro(Xi) 



fr 



J(r)OC, ^C 



F ^ 



10 
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Lemma 3.3. One has a short exact sequence 



1 l-Fr 



^r-1 



on Xi^^f On Xi Nis the sequence is still exact on the left and in the middle. 

Proof. Consider first the situation in the etale topology. One has a commuta- 
tive diagram with exact columns 



— ^w„n 



'^1,1 






^ w„nc. /dvWn-in 



"Xi 



r-l 
Xi 



1-Fr 



^ w„r2^/dw„n^-^ 



Wnn'x, 



l-Fr 



-^ Wnn'^jdV-^fi''^^^ 



dvWn-in 



_1 Ip-i-Fr 



Xi 



^ dWnn'~-^/dV''-^n'--^ 



"Xi 



Xj 



-^0 



By HCTSSi Lem. 1.2] the middle row is exact. Thus the top row is exact if 
and only if the map (p is an isomorphism. 

The map V : dW„0^^ -^ Wn+iO,"^ is divisible by p. Denote by if/ the factor- 
ization 

The image of y/ lies in dVWn-iO,''£^ as Vd = pdV. The inverse of <p is given 

by y/ + y/^ + y/^ -\ — . 

Finally, for the Nisnevich topology, starting with the basic result for a coher- 
ent sheave E that e*JSet = -E-Nis andi?'e*£Jet = (0) for i > 1, one gets e* W„0^ ^^ - 
W„0^ Nis' Then, using results from lUlll, Section 3.E, p. 579, one gets 

One concludes using proposition 12.41 and left-exactness of e* . D 



Denote by F^ : T>^g(r)W„0^ -^ T>rW„ri^ the morphism which in degree 
r + i is induced by p'^F. 

Lemma 3.4. For i > 0, r > the map 

is an isomorphism in Sh(Xi)et/Nis- 

Proof This is Jnl I.Lem.3.30]. D 



In Shpro(-X'i)Nis the internal Frobenius F : q(r)W.O.'^ -^ W.O.^-^ is divisible by 
p'""' for i < r. Indeed, for a local section p''~^~'^Va e qir)W,Q.L , Fip''~^~Wa) - 



Xi' 



pr 1 ^FV{a) and FV = p (flT, I. Lem.4.4]). We denote this divided Frobenius 
by 

Fr : g(r)W.n^^ - W.O^^ 

as a morphism in Cpro(-X'i)Nis- 
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Lemma 3.5. In Dpro(-X'i)et/Nis the map 

becomes an isomorphism. 

Proof. Applying [[III I, Lem. 4.4], one has for i <r -1 and a a local section in 

^l,et 

(1 -Fr)i-p''~'~'^Va) = a-p'-'-Wa, 
thus 

oo 

a = (l-Frm, 15 = -ip'-^-'V) Y. {p'-^-'Vna)ep'-'-^VW.D}x,,,- 

On the other hand, clearly if W O^^^ ,t^"-= p'^'-^Va, then a e ip'-'-^V^Wn'^^ ,^ 
for all Ai > 1, thus a = 0. This finishes the proof 

D 

Putting Lemmas I3.3ll3.4l and l3.5l together we get 
Corollary 3.6. In Dpro(-X'i)et there is an exact triangle 

W.n'x,M^-r] ^ qir)W.n'^^ ^^ W.n'^^ ^ . . . . 



Remark 3.7. To end this section we remark that one can define the syntomic 
complex in Z)pro(Schvv'_ et/Nis), where Schvvr_ et/Nis is the big etale resp. Nisnevich 
site with underlying category Sch^y . For this one uses the syntomic site and 
the crystalline Frobenius instead of the immersion X. ^^ Z. and the Frobenius 
lift on Z. , see liGKi, [iFMil . 

4. Fundamental triangle 

Let X. be in Sm^y and assume r < p. The goal of this section is to decompose 
the Nisnevich syntomic complex &xir) in a part W.O^ ^ [-r] stemming from 
the reduced fibre Xi and a 'deformation part' p(r)D,^[-l]. 

As a technical device we need a variant of the syntomic complex with J(r) 
replaced by I(r). In analogy with Definition [3TT] we propose: 

Definition 4.1. Let /V be the canonical factorization of Frobenius map 

F:I(r)n' ^Q* ^ Q'n ■ 
Note that this time there is no factorization of the form 
fr:I{r)ni ^^I{r)D:^ - Q^, . 

' J-' n + r J-^ n. ■*-'«. 



We write 



/(r)n^ ^n]j 



for the induced morphism in Cpro(Xi). 
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Definition 4.2. One defines 

©^_(r)et = cone(/(r)n]j ^-^ n]) )[-l] 
in Dpro(Xi)et. In the Nisnevich topology we define 



&x (^) = T<r^e* &x (^)et 



in Dpro(-X'i)Nis- 



Proposition 4.3. For X, in Smiy the map 0(F) induces an isomorphism 

in Dpro(-X'i)et. In particular applying the composed functor T<r oi?e-* we also 
get an isomorphism 

in Dpro(-X'i)Nis- 

Proof. Indeed we have the chain of isomorphisms in Dpro(-X'i)et. 
(4.1) ©i(r)et 



(1) 



^(F) 



cone(g(r)Wn* ^^^ Wn')[-1] 

(2) 

coneCW.nVdyW.C-i ^^ W.Q7dW.n'"-i)[-r- 1] 

(3) 

where (1) is an isomorphism by Proposition 12 .81 (2) is defined and an isomor- 
phism by Lemmas 13.41 and 13.51 and (3) is an isomorphism by Lemma [3.31 
For Nisnevich topology we have 

T<o oRe, Wn^xXogM = ^* ^n^XXog,ei = ^«"z,log,Nis 

by Proposition 12.41 D 

Recall that we work in Nisnevich topology if not specified otherwise. 

Theorem 4.4 (Fundamental triangle). For X, in Smw. one has an exact trian- 
gle 

pir)n^[[-l] ^ exir) ^ W.n^^ i„g[-r] H . . . 
in Dpro(-X'i). In particular, the support ofGxir) lies in degrees [l,r]/br r > 1. 

Proof We first construct the etale version of the triangle. Let 
2n(r) = cone( J(r)n^ ->7(r)n^ )[-!]. 
Proposition 14.31 implies that one has an exact triangle 

(4.2) mr) - 6z.(r)et — ^ Q^^ i„g[-r] ^ . . . 
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in Dpro(Xi)et. 

By Proposition 12.81 we conclude that the restriction map from D, to X. in- 
duces an isomorphism 

W{r)'-^p{r)D.%[-\-l\ 
in Dpro(Xi)et. 

We now come to the Nisnevich version. One has to show that applying 
T<roi?c* to exact triangle 04. 2D . one obtains an exact triangle in Nisnevich 
topology. One has an isomorphism 

in Dpro(-X'i)Nis, thus in particular the latter complex has support in cohomo- 
logical degrees [l,r]. Applying Lemma [A. II finishes the proof. 

D 



Remark 4.5. In analogy with Remark l3.7l the complex ©^ ('')et/Nis extends to 
an object in the global category Z)pro(Schvi^_ et/Nis)- The isomorphism in Propo- 
sition |?3] extends to an isomorphism in DproCSm^y et/Nis)- Although the con- 
struction in the proof is valid only on the small site Xi et/Nis, the isomorphism 
for different X. glue canonically So it follows that also the fundamental tri- 
angle in Theorem 14.41 extends to Z)pro(Smvi^_ Nis)- 



5. Connecting morphism in fundamental triangle 

Let the notation be as in Section IH in particular let X, be in Sm^ . We assume 
p > r. The aim of this section is to show the following 

Theorem 5.1. The connecting homomorphism 



in the fundamental triangle (Theorem \4.4) is equal to the composite morphism 

in DproCXi). Here the non-labelled maps are the natural ones. 

The theorem will imply the compatibility of a with the cycle class, see Sec- 
tion [3 

First of all we observe that it is enough to prove Theorem 15. ll in etale topol- 
ogy, i.e. that e*(a) = e*(/3), because a = T<r(e* oe*(a)) and p = T<r(e:* oe*(p)). 

Definition l3.2l of & y (r)^ as a cone gives a map 6x.(^) -^ J(r)0]j in Cpro(-X'i)et. 
Note that by Proposition 12.81 there is a natural restriction quasi-isomorphism 
J(r)0.'jj -^ ^x^- We let ?c(r) be the composite map 



&xir)et -* Jir)n}) -^ Qjf in Cpro(Xi)et. 

5.2. ^ 

in Cpro(Xi). 



Definition 5.2. We define &^ (r)et = cone(©x.('')et ^ Cl^^)[-1] as an object 
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The morphism O'^ : Qxir) -^ W.fl^ j^ [-r] in Dpro(Xi) from Theorem lilil 
induces a morphism ©^ (r) ^ W.Q^ loe'-"^-'' ^^^^^ denoted by O'^. 
We have a chain of isomorphisms in Dpro(X)et 

(5.1) &xir)et 

(1) 

conei&^^yht^ Iir)n}j)[-1] 

(2) 

cone(cone(g(r)Wn^^ ^-^ Wn'^^)[-1] - g(r)Wn^J[-l] 

(3) 

€ir) := cone(W.n^^ i^g[-r] - g(r)W.03^^)[-l] 



where (1) follows immediately from Definition I5.2[ (2) follows from Proposi- 
tion [231 and (3) follows from Corollary 13.61 

Proposition 5.3. (1) In Dpro(-X'i)eb one has an exact triangle 

p(r)n^_ [-1] - &'xy) ^ w n^,^ i„g[-r] ^iil • • • 

(2) In Dpi.o(-X'i)et, one has a commutative diagram of exact triangles 

[+1] 



g(r)W 0^^[-l] 



(Bir) 



(*) 



^■"x.log[-^] 



pir)n'^ [-1] 6^ (r) 



$'' 



wn 



Xi,log 



[-r] 



[+1] 



pir)n<'-[-l] 



- 6;,_(r) ^:^ w.n^Ji^g[-r] i^ 



where {*) is the composition of morphisms ( 15. ID . T/te upper triangle 
comes from the definition of (£(r) as a coree ared the lower triangle is the 
fundamental triangle (Theorem \4.4h 

Proof For (1) we take the homotopy fibre of the morphism of exact triangles 



p(r)n£[-l] 

d 



0=' r+ii 



n 



>r 



K(r) 







[+1] 



where the upper triangle is the fundamental triangle (Theorem 14. 4D . 
We get an exact triangle in Dpro(Xi)et 

cone(p(r)Q<;;[-l] - n|0[-l] - &xSr) ^ W."xi,log[-^] ^^ " " 

and note that cone(p(r)Q^''[-l] -^ ^^) is quasi-isomorphic to p{r)D.'^ 
Part (2) follows immediately via the isomorphisms 05. ID . 



D 



p-ADIC DEFORMATION 15 

Theorem 15.11 follows now from Proposition 15 . 3 1 together with ( I5.1D . 

6. The motivic complex 

The aim of this section is to define a motivic pro-complex of the p-adic 
scheme X. as an object in Dpro(-X'i)Nis- We shall show in Section [7]that liftabil- 
ity of the cycle class to a cohomology class of this complex precisely computes 
the obstruction for the refined crystalline cycle class to be Hodge. 

We recall the definition of Suslin-Voevodsky's cycle complex on the smooth 
scheme Xlk for an arbitrary field k, following [SV, Defn. 3.1]. It is defined 
as an object Z(r) in the abelian category of complexes of abelian sheaves on 
the big Nisnevich site Sm/^. Furthermore, it is a complex of sheaves with 
transfers. One has 

(6.1) Z(r) = ^-(Zi.CG^^M-r]. 

We explain what this means: We think of G^^ = K^\ {0} as a scheme. By ZtriX) 
we denote the presheaf with transfers defined by the formula Ztr(X)(U) = 
Cor(U,X), for any X e Sm/^, where Cor{U,X) is the free abelian group gen- 
erated by closed integral subschemes Z (zU y-kX which are finite and sur- 
jective over a component of C7 ( HSVi Section 1]). Wedge product is defined as 
Z(r(G^) = Z^r(G^'")/im(faces), where the faces are defined by {x\,...,Xr-i) -^ 
(xi, . . . , 1, . . .Xr-i). Finally, for any presheaf of abelian groups ^ on Sm/^, one 
defines the simplicial presheaf '^.{^) by '^j(^)([7) = ^{U x A'). One sets 
^\^) = '^-ii^). So in sum, one has 

Z{r)\U) = Cor{Uyk^"~\^Z)■ 

Clearly Z(r) is supported in degrees < r. Its last Nisnevich cohomology 
sheaf is the Milnor iT-sheaf 

(6.2) ^'■(Z(r)) = jr,^. 

We refer to HSVi Thm. 3.4] where it is computed for fields, and in general, 
one needs the Gersten resolution for Milnor if -theory on smooth varieties, 
established in lEM],[Kel| and unpublished work of Gabber. Note that in case 
the base field k is finite one has to use a refined version of the usual Milnor 
if-sheaves, defined in IIKe2L See also Section [TT] for more details about the 
Milnor if -sheaf The essential property of this refined Milnor if-sheaf that 
we need, is that it is locally generated by symbols {a\,...,ar} with ai g ©^ 
(l<i<r). 

For X e Sm^^ we denote by Zxir) the restriction of Z(r) to the small Nis- 
nevich site of X. One has from [MVW. Cor 19.2] and IlKeTl Thm. 1.1] 

(6.3) H^'-iX, Zxir)) = H^iX, J^^^) = CH'-(X). 

From now on the notation is as in Section [5l In particular X,/W, is in Sm^y 
and Xi=X ^wk. We assume r <p. 

We will consider Zx^ir) as an object in D{Xi) =Z)(Xi)Nis and also as a con- 
stant pro-complex in Dpro(Xi) = Dpro(-X'i)Nis. So (16. 2D enables us to define the 
map 

(6.4) log : Zzi(r) - ^'"(Zzi (r))[-r] = ^ij,,[-r] ^^^ "^ .^x^,\og^-r^ 
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in DproC-X"!), where [ ] is the Teichmiiller Uft. 

Recall that one has a map ^'^ : 6x.(r) -^ W.Q^ loe'-"^-' ^^ DproC-X"!) = Dpro(-X'i)Nis 
(Theorem I4.4D with &xSr) defined in Definition I3.2I 

Definition 6.1. We assume p > r. We define the motivic pro-complex Txir) of 
X. as an object in Dpro(Xi) by 

Zx.(r) = cone(©x.(r)® Zxi(r) ^l^^li^ ^.^^^ ij-r])[-l]. 

Note that by Lemma |A[2l the cone is well defined up to unique isomorphism 
in the triangulated category Dpro(Xi). In fact the map 

(6.5) ^'{ZxSr)) = Ji^x,,r - ■'^■"xi.log 

is an epimorphism, since W.Q^ j is generated by symbols. 

Proposition 6.2. 

(0) One has Zx.(O) = Z, the constant sheaf T in degree 0. 

(1) OnehasZx{l) = <^m,xX-n 

(2) The motivic complex Txir) has support in cohomological degrees < r. 
For r > 1, if the Beilinson-Soule conjecture is true, it has support in 
cohomological degrees [l,r]. 

(3) One has Zxir) ®^ Z/p- = 6z.(r) in Dpro(Xi). 

(4) One has ^''(Zxir)) = JT/^ in Shpro(Xi). 

(5) There is a canonical product structure 

Zx{r)®^Zx{r')^Zx{r + r') 
compatible with the products on Zx^ir) and &xir). 

Proof We show (0). One has W.Q^ j^ = Z/p', Zx^iO) = Z and for example by 
Theorem 14.41 one has ©x.(0) = Z/p'. So (0) is clear from Definition 16. II 
We show (2). For all i eZ, one has a long exact sequence 
... - ^'(Zxir)) - J/f'iexir)) ® J^'iZx.ir)) - ^^(W.O^^ i„g[-r]) - . . . 

By Theorem 14.41 the syntomic complex (Sxif) has support in degrees [l,r] 
for r > 1. The Beilinson-Soule conjecture predicts the same for the motivic 
complex Zx^ir). So (2) follows because ( 16. 5D is an epimorphism. 

We show (4). One has an exact sequence 

- Je'iZxir)) - je'-{&x{r))®je'{Zx,{r)) ^^^i}^ w.o^^ i^g - 
By Theorem 14. 4[ one has an exact sequence 

- pn'^yp^dn'^^ - ^'i&xir)) ^ W.Ozi,log ^ 

which induces the upper row in the commutative diagram with exact rows 
(the bottom row is Theorem lll.3D 

pO^Vp^dQ^-^ ^ ^'•(Zx.(r)) ^'"(Zxi(r)) 

(*) 

— - por-^/p'^dDT^'^ jr/,. jr^ ,. 
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Here the arrow (*) is induced by Kato's syntomic regulator map [|K2| Sec. 3]. 
By (I6.2D . the right vertical arrow is an isomorphism, so by the five-lemma (*) 
is also an isomorphism. 

From (4) and (2) one deduces (1), since the Beilinson-Soule vanishing is 
clear for r = 1. 

We show (3). The sheaf W„n^ j is a sheaf of flat Z/p"-modules, so 

By Theorem 14. 41 this also implies that ©x.(^) ®z ^P' = 6x.(^)- Geisser-Levine 
show that Zzi(r) ®^ Z/p'' = W„n^^ logC"^]' see HGQ. So from the definition of 

Txir) we conclude that Zx.(r)®| '^Ip' = ©x.C^)- 

We show (5). By a simple argument analogous to the proof of Lemma IA.2I 
having a product morphism as in (5) is equivalent to having two morphisms 

Zx.(r)®^Zz.(r')-6z.(r + r') 

in Dpj-oiXi), which become equal when composing with the maps to Wn''^''^^ [-r] 
We let the two morphisms be induced by the usual product of the Suslin- 
Voevodsky motivic complex and the product on the syntomic complex. D 

Proposition 6.3 (Motivic fundamental triangle). One has a unique commu- 
tative diagram of exact triangles in DproC-X"!) 



pir)n<''[-l] -Zx.(r) 



pir)n<''[-l] -6x.(r) 



Zxi(r)' 



Ai,log' 



dlog 

[-r] 



where the bottom exact triangle comes from Theorem \4.4\ and the maps in the 
right square are the canonical maps. 



Proof The square 



Zx (r) 



&x (r) 



Zxi(r) 

dlog 



wn 



^i,log 



[-r] 



is homotopy cartesian by definition. So the existence of the commutative dia- 
gram in the proposition follows from [Ne, Lemma 1.4.4]. 
For uniqueness one has to show that the morphism 

pir)nf_-\-l] - Zxir) 

is uniquely defined by the requirements of the proposition. This can be shown 
analogously with Lemma IA.2[ 

D 



Corollary 6.4. For Y, = X, 



one has a projective bundle isomorphism 



0<;f(Xi,Zx.(r-s)) 

s=0 



®sCl(^(l))'' 



H'^,,,iY,,ZYir)) 
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Proof. By Proposition 16 . 3 1 one has to show that the analogous maps for Suslin- 
Voevodsky motivic cohomology of Xi and for Hodge cohomology are isomor- 
phisms. This holds by llMVWl Cor. 15.5] and IISGATl Exp. XI, Thm. 1.1]. D 

7. Crystalline Hodge obstruction and motivic complex 

Let the notation be as in Section [5l We additionally assume in this section 
that X\lk is proper. 

Our goal in this section is to study a cohomological deformation condition 
for a rational equivalence class ^i g CH'^(Xi) = H^''iXi, Tx^ir)) to lift to a coho- 
mology class ^ Gi/^^^^(Xi,Zx.(r)), where Zx.(r) is the motivic complex defined 
in Section [SI In fact we suggest to interpret the latter group as the codimen- 
sion r cohomological Chow group of the formal scheme X, . 

Definition 7.1. We define the continuous Chow group of X. to be 

CW^,^,{X.) = Hl^,{X^,Zx{r)). 

For the definition of continuous cohomology see Definition IB. 61 The defor- 
mation problem can be understood by means of the fundamental exact triangle 
in Proposition 16.31 which gives rise to the exact obstruction sequence 

(7.1) CH^„,t(X ) ^ CH^(Xi) ^ Hll^,{X^,p{r)niy 

We will compare the obstruction Ob(^i) to the cycle class of £,i in crystalline 
and de Rham cohomology. 

Note that by general homological algebra (formula dB.ll l) we have an exact 
sequence 

- \im^H'^'-\X^,ZxSr)) - CW^^J^X.) - \imH'^' {X^,ZxSr)) - 0. 

n n 

In particular by Proposition 16. 21 ^1) and the vanishing of\iva^H^{X\,'G!m,Xn) we 
get an isomorphism 

(7.2) CH,^,^t(X.)^limPic(X„). 

n 

Note that if X. is the p-adic formal scheme associated to the smooth projective 
scheme XIW there is an algebraization isomorphism [IEGA31 Thm. 5.1.4] 

(7.3) Pic(X)^limPic(X„). 

n 

The relation ofCW^^^^iX} to formal systems of vector bundles is explained in 
Section [TUl Unfortunately, an analog of the algebraization isomorphism (17. 3D 
is unknown. 

We first recall the construction of the crystalline cycle class, as given by 
Gros l|Gl II. 4] and Milne llMiL Section 2], using the Gersten resolution for 
W.n^^ j^g llGSl (0.1)] and the Gersten resolution for the Milnor ET-sheaf Ji^^ 

IlKeTl Thm. 1.1]. The morphism dlogo[ ] : JT-g^ -^ ^-^Xi log ™^P^ ^^^ ^^^" 
sten resolution for J:^^ ^ to the one for W.O^ j^ , where [-] is the Teichmiiller 
lift. Thus, for any integral codimension r subscheme Z c Xi, one obtains as a 
consequence of purity 

z • [Z] = H^(Xi, ^,^) ^^ z/p- • [Z] = /f^(Xi, w n^^ i„p. 
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where the map Z -^ Z/p" is just the projection. The image of 

after forgetting supports, is the cycle class of Z. By Z-linear extension, Gros 
and Milne define the cycle class map 

Also we observe that the cycle class map is induced, via the Bloch formula 

DEiTl 

CH''(Xi) = H'"(Xi,jr,^), 
by the morphism of pro-sheaves ^^^ -^ W.D.^^ j . 

On the other hand, one has a natural map of complexes 

(7.4) W.f^Xi,log[-'-] - W.nf^ - q(r)W.n'x^ 

in Cpro(Xi). 

Definition 7.2. For ^ e CH''(Xi), its refined crystalline cycle class is the class 

induced by (17.41 ). 

The crystalline cycle class of ^ is the image Ccris(0 ofciO in H'^^^^^^iXi, W.D.'^ ). 

By abuse of notation we make the identifications 

K^JX,, qir)Wn'^^) = Hl^^,iX,,pir)n'^) 

Hlont(Xl,W.n],^) = Hl^^,iX^,n'^) 

using the comparison isomorphism from ( I2.10D and Proposition 12.81 

Definitions 7.3. 

(1) One says that the crystalline (resp. refined crystalline) cycle class 
of ^ is Hodge if and only if Ccris(0 (resp. c(0) lies in the image of 
^c:nt(^i'"?) in <„t(^i'"z.) (resp. in <„,(Xi,p(r)n^_)). 

(2) One says that Ccris(0 is Hodge modulo torsion if and only if CgrisCO ® Q 
lies in the image of H^^^t^^i,^!^® Q in ^^^^^(Xi,^^)® Q. 

Remarks 7.4. 

(1) By the degeneration of the Hodge-de Rham spectral sequence modulo 
torsion, the map H^^^^iXi,D.f) ® Q ^ H^^^^iXi, Q^ ) ® Q is injective. 

(2) If H^^^^iX I, n'^ ) is a torsion-free W(^)-module for all a,b eN, then the 
composite map 

<„t(^i> ^x? - Hl^^^,iX^,pir)n'^) ^ Hf^^.iX^, n^_) 

is injective, and thus the left map as well. 

(3) The map Hl;;jXi,pir)nf)^Q - HllJ^Xi, n^_)®Q is an isomorphism. 

Now we formulate one of our main theorems: 

Theorem 7.5. Let XJW. he a smooth projective p-adic formal scheme. Let 
£,1 £ CH'"(Xi) he an algehraic cycle class. Then 

(1) its refined crystalline class c{£,\)eH'^'^^^{X\,q{r)W.Q.'^ ) is Hodge if and 
only if£,i lies in the image of the restriction map CW^^^^iX,) -^ CH''(Xi), 
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(2) its crystalline class Ccris(^i) ^ -^cont^-^i' ^-^x ^ ^* Hodge modulo torsion 
if and only i/^i ® Q lies in the image of the restriction map CH'^^^^iX ,) ^ 
Q - CH''(Xi) ® Q. 

Proof The second part follows from the first one and Remark I7.4r 3). For (1) 
we observe that we have a commutative diagram with exact rows, extending 

(O), 



Hllr.Mr)D.^) — HlU^P^r)^'^ ) ^ Hl^M^)^!) 



Indeed, the right square commutes by Theorem 15.11 The theorem follows by a 
simple diagram chase. D 

Remark 7.6. For r = 1 Theorem 17. 5 1 is due to Berthelot-Ogus [IBQ2L relying 
on a construction of a complex similar to our &-^ (1) which was first studied in 

llDeTl p. 124]. Note the identification 01> of CHJ^^^(X ) with the Picard group. 

8. Continuous if -theory and Chern classes 

The aim of this section is firstly to describe Quillen's +-construction and Q- 
construction for if -theory of the ;3-adic formal scheme X. in Sch\y . Secondly, 
we show 

0H,'^^„t(BGLwi, Zbglw. (r)) = Ztci, C2, . . .] 

r 

where the right side is the polynomial ring in the univeral Chern classes Cr 
of cohomological degree 2r. By puUback we get Chern classes in motivic coho- 
mology for continuous higher if -theory for smooth X. . 

Let now X. be in Sch^y . 

Definition 8.1. By if^. £ SproC-Xi) we denote the pro-system of simplicial 
presheaves given by Quillen's Q-construction. Explicitly, for U, -^ X, etale 
Kx (Ui) is given by 

re-nBQVec(t/„) in>l), 

where Vec(C/„) is the exact category of vector bundles on f/„, Q is Quillen's 
Q-construction functor and B is the classifying space functor, see liSrl Sec. 5]. 

Definition 8.2. Continuous if -theory of X. in Sch^ is defined by 

ifr'(^.)=['S^i'^x.], 

where S^ is the constant presheaf pro-system of the simplicial i -sphere in 

Spro(-X^l)- 

By HBoKi Sec. IX.3] there is a short exact sequence 

- lim^if i+i(X„) - K^^'^HX.) - limif i(X„) - 0. 

n n 

Thomason-Throbaugh [ TTl Sec. 10] show that ifjf. satisfies Nisnevich de- 
scent. 

Proposition 8.3. The K -theory presheaf of Definition \8J] satisfies Nisnevich 
descent in the sense of Definition IB. JO] 
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In particular from Lemma [B.8I we get a Bousfield-Kan descent spectral se- 
quence 

(8.1) £f = Hl^^^iXi, Jfx.,t) =^ K'tlfiX.) t > s. 

where J^x.,t is the pro-system of Nisnevich sheaves of homotopy groups of i^x. ■ 
Our aim in the rest of this section is to construct a Chern character from 
continuous if -theory to continuous motivic cohomology. 

Definition 8.4. By BGL^^ ^^ (m > 1) we denote the simplicial classifying scheme 



GLm,R X GRmM ^=^ GLmM ^==^ {*} 

of the general linear group over the base ring R. By BGL^j we denote the 
ind-simplicial scheme 

► BGLm,R -^ BGL^+i^ij -^ BGLm+2,R -^ •■• 

In the usual way one can associate to BGL^j its small etale and Nisnevich 
sites, denoted by BGL^? et and BGL^j = BGL^j Nig. 
The following facts are well known to the experts: 

(a) There is a canonical isomorphism 

(8.2) 0//2'-(BGU, ZBGL,(r)) = Z[ci, C2, . . .], 

r 

where the ci are Chern classes of the universal bundle on BGL„;^ of 
cohomoloical degree 2i, see HPui Lem. 7]. 

(b) There is a canonical isomorphism 

(8.3) 0H;,„t(BGU,®,n^(jLw i-t]) = W[ci,C2,...], 

r 

where the ci are Chern classes of the universal bundle on BGL„ y^ of 
cohomoloical bi-degree (r, t) = (2i, i), see Thm. 1.4 and Rmk. 3.6 of llGll . 

From the Hodge-de Rham spectral sequence and (b) we deduce that 

^L"t'(BGL,,p(r)n-^^_) = 0, 

^Lt(BGL,,p(r)n<^^^^_) = 0. 
By the fundamental triangle in Proposition 16 . 3 1 this implies that 
0H2;^t(BGU,ZBGLw.(^))^0^""(BGU,ZBGL,(r)) 

r r 

is an isomorphism. We conclude: 

Proposition 8.5. There is a canonical isomorphism of graded rings 
0H2;^t(BGLwi , ZbgLw. (r)) = Z[ci, C2, . . .], 

r 

where the universal Chern classes ct live in cohomological degree 2i. 

By the construction of Gillet flGilll the universal Chern class c^ of Proposi- 
tion [52] leads to a morphism 

c,G[BGLx.,KZx.(/')[2r]] 

in the homotopy category hSpro(Xi), see Notation IB.3I Here K stands for the 
Eilenberg-MacLane functor of Proposition IB.4I and BGLx. is the natural pro- 
system of presheaves of simplicial sets on Xi nis given on C7„ -^ X„ etale by 
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lim BGLwn,m(Un)- By Proposition 18.31 and a functorial version of Quillen's 
+ = Q theorem (see the proof of Prop. 2.15 of [.GilJ ) there is a canonical isomor- 
phism 

in hSpro(-X^i), where Zqo is the Bousfield-Kan Z-completion functor HBoKH . Com- 
pletion therefore induces a map 

[BGLx.,KZx.(r)[2r]] - [Kx.,KZxSr)[2r]] 

and we get continuous Chern class maps 

(8.4) c, :K'r°''\X.)^H^^;;-^iX^,Zxir)), 

which are group homomorphisms for i > and satisfy the Whitney formula for 
i = 0. 

The degree r part of the universal Chern character is a universal polynomial 
chr G Z[l/r!][ci, . . .]. As above by pullback we get Chern characters 

(8.5) cK:KrHX.)^H^/JiX,,Zxir))^^i^^, 

which are additive and compatible with product. The lower index Z[j^] stands 
for - ®z Z[— ]. Note that the canonical morphism 

is an isomorphisms for r <p, as follows from Proposition 16. 3[ 

9. Results from topological cyclic homology 

We summarize some deep results about iT-theory which are proved using the 
theory of topological cyclic homology, due to McCarthy, Madsen, Hesselholt, 
Geisser and others. Note that we state results not in their general form, but 
in a form sufficient for our application. 

In this section we work in etale topology only, i.e. all sheaves and cohomol- 
ogy groups are in etale topology. The prime p is always assumed to be odd. 

Let i? be a discrete valuation ring, finite flat over W and write i?„ = R/p"^. 
Let X be in Sm^? and X. be the associated p-adic formal scheme in Sm^ , i.e. 
Xn = X ^jiRn- Denote by i : Xj-ed ^^ X the immersion of the reduced closed 
fibre and by j : Xk -^ X the immersion of the general fibre, K = frac(i?). Using 
the arithmetic square PBoKi Sec. VL8] and the theorems of McCarthy HMcl 
and Goodwillie flGoH . Geisser-Hesselholt UGHli Thm. A] deduce results about 
integral if -theory in the relative affine situation X^ed ^^ X„. Combining their 
result with Thomason's Zariski descent for if-theory Proposition 18.31 in order 
to reduce to affine X„ and etale decent for topological cyclic homology IIGH21 
Cor. 3.3.3] we get: 

Proposition 9.1. 

(a) The relative K-groups Ks(Xn,Xj.e^) are p-primary torsion of finite expo- 
nent for any re > 1, s > 0. 

(b) The presheaf of simplicial sets Kx^,Xred ^^ ^^^ small etale site of Xj-ed 
satisfies etale descent, see Definition \B.10\ 
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Generalizing the work of Suslin and Panin, Geisser-Hesselholt [IGH3II ob- 
tain the following continuity result for iT-theory with Z/p -coefficients. Let 
{J^lp)x,s be the etale sheaf of if -groups with Z/p -coefficients on X and let 
similarly (J^/p)x.,s be the pro-system of if -sheaves on the etale site of Xred- 

Proposition 9.2. The restriction map induces an isomorphism of pro-systems 
of etale sheaves on Xj-ed 

i*iJf/p)x,s -* iJ^/p)x.,s- 

Note that one also has a continuity isomorphism 

(9.1) i*Gm,X^z^/p^ Gm,X. ® z ^^P 
in D pro (Xred )et- 

In the rest of this section we study the relation of if -theory to a form of 
p-adic vanishing cycles. 

Definition 9.3. We define 

QJx(r) = cone(T<,i? j*Z/p(r) ^ Q^^^^ i„g[-r])[-l], 
where res is the residue map of Bloch-Kato HBKi Thm. 1.4]. 

Note that the cone in the definition is unique up to unique isomorphism by 
Lemma IA.2I 

Lemma 9.4. The symbol map induces an isomorphism 

G™,x®z2/p[-l]-5Jx(l) 

in D(X)et. 

Proof We have a short exact sequence of etale sheaves 

0^<G,m,X -^ j*'^m,XK ^ i*Z^O. 

Forming the derived tensor product of the associated exact triangle in D(X)et 
with Tip and using the isomorphism 

j*'^m,XK ®Z '^/P = T<li? J*Z/p(l), 

we finish the proof of the lemma. D 

Assume that R contains a primitive p-th root of unity. We have the following 
chain of isomorphisms of pro-systems of etale sheaves on Xred^ 

(9.2) i*iJlf/p)x,s — i*i^'^-/p)x,s ^ 0i*^2'-^(QJx(r)). 

Here tr is the Bokstedt-Hsiang-Madsen trace [BHMl from the etale if -sheaf 
to the etale pro-sheaf of topological cyclic homology. The map tr is an iso- 
morphism by [ GH3l Thm. B]. The isomorphism (*) is the composite of isomor- 
phisms induced by [|HM. Thm. E] and [GH4, Thm. A]. 

Fix a primitive p-th root of unity (. Recall that the Bott element 

l3eK2iW[aZ/p) 

is the unique element which maps to {(} £ if i(W[C]; Z/p) under the Bockstein. 
Uniqueness of this Bott element follows from Moore's theorem UMili App.], 
which says that 

KziWiO) = Zip e (divisible). 
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The Bott element 

(9.3) 13 G H°(Spec W[C],5J(1)) = ker(G^(W[C]) - G^iWiO)) = (^ 

is by definition the element induced by (, where the first isomorphism in ( I9.3D 
is coming from Lemma 19.41 

The composite isomorphism ( I9.2D can be uniquely characterized as follows: 

Proposition 9.5. IfR contains the p-th roots of unity there is a unique mor- 
phism 

ofetale sheaves mapping the local section pHai, . . .,as-2t} on the left side to the 
corresponding local section on right side with au (l<u <s -2t) local sections 
of i*j*0^ for t > and local sections of i*0^ for t = Q. This morphism is an 
isomorphism. 

Proof One just has to note that the isomorphism constructed above is compat- 
ible with products and that the target ring of the isomorphism is generated by 
the above Bott-symbols flBKl Thm. 1.4]. In fact the Bokstedt-Hsiang-Madsen 
trace is compatible with product. This is shown in IIGH21 Sec. 6]. D 

10. Chern character isomorphism 

In this section we show that under suitable hypotheses our Chern character 
from continuous iT-theory to continuous motivic cohomology of a smooth p- 
adic formal scheme is an isomorphism. Using descent we firstly reduce it to 
an etale local problem with Z/p-coefficients. Secondly, we use the fact, Propo- 
sition 19.51 that there is some etale local isomorphism, which we show is the 
same as our Chern character. 

Consider a smooth p-adic formal scheme X, e Sm^ and let d = dim(Xi). 
The continuous iT-group Kq°^^{X,) was defined in Section [51 as well as the 
Chern character map to continuous motivic cohomology. 

Theorem 10.1. For p>d + 6 the Chern character 

ch:iirr'(X.)Q^0CH^,,,(X.)Q 

is an isomorphism. 

Note that we have CH^^^j^^CX.) = for r > d by Proposition 16.31 and the fact 
that there is no lim^ -contribution to continuous Hodge cohomology. 



Proof For r + l<p we have a commutative diagram 

ch 
iiTf "HF.)q —^ H^cont^Yi, Zy.ir + 1))q 



m 



d m 



Kr'(X.)^—-^Hf^JX,,Zx.ir))Q 



ch, 



where Y,=X,x G^ and T" is a torus parameter. The maps d in the diagram are 
constructed in the standard way by the projective bundle formula for X. x P^ 
and the Mayer- Vietoris exact sequence, see Corollary 16.41 and IITTi Sec. 6]. 
Clearly do {T} = id. 
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By the diagram it suffices to show that 

r<d+2 

is an isomorphism. 

The Chern character induces a morphism of exact sequences of relative the- 
ories 

(10.1) 

K2iYi)i) KiiY.,Yi) iri(Y.)Q -' 



ch 



(1) 



ch 



(2) 



ch 



(3) 



e H 

r<d+2 



2r-2 



(Zyi(r))Q 
■ KiiYi)iQ 



© H!^n'(p(r)n<n 



e H^Z'iZY.ir) 



r<d+2 



r<d+2 



cont 



-^KoiY.,Yi) 



ch 



(4) 



ch 



(5) 



e H 

r<d+2 



2r-l 



(Zy.ir) 



© Ht:-Mpir)n<n 



r<d+2 



cont 



where the lower row comes from the fundamental triangle, Proposition l6.3[ In 
order to show that (3) is an isomorphism it suffices to observe: 

(a) the map (1) is surjective and (4) is bijective, 

(b) the map (2) is bijective and the map (5) is injective. 

Part (a) is shown in BHl Thm. 9.1]. We show part (b). 

From Proposition I9.ir b) and Lemma IB. 81 we get a convergent etale descent 
spectral sequence of Bousfield-Kan type 



(10.2) 



ns,t, 



As coherent sheaves satisfy etale descent we also get from Lemma IB. 71 a spec- 
tral sequence with Bousfield-Kan type renumbering 

(10.3) Ei'\Zir)) = H'iYi^a,^^''~'~Hpir)nf)) ■■ 



■Hl^onr^-HY,,pir)nn 



The Chern character gives a morphism of spectral sequences from ( I1Q.2D to 
MM- Note that E'/iK) = E'/iZir)) = if s > d + 2, because cdp(ri) <d + l 
[SGA4, Thm 5.1, Exp. X] and the relative if -sheaves are p-primary torsion by 
Proposition IB.lf a). 

By Lemma IB. 91 in order to show (b) it is enough to show that the Chern 
character induces an isomorphism 

ch :E'/iK)^ E'/iZir)) 

r<d+2 

for < ^ - s < 2 and s <d + 2. This follows from: 

Claim 10.2. The Chern character induces an isomorphism of etale pro-sheaves 
ch : Jfy.Jua ^ 0^^'""""^(p(r)Q<'") 



forl<a<d + 4</)-2. 
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Case a-1: It is known that ^^^,2 is locally generated by Steinberg symbols 
HDSL so J^.,2 -^ '^Yi,2 is surjective and therefore JTy ,y^,i = {'^m)Y„Yi- The 
target set of the Chern character for a = 1 is just p©x. and the Chern character 
is the /3-adic logarithm isomorphism in this case. 

Case a > 1: By Proposition 19. If a) there is an isomorphism of pro-sheaves 

'^Y.,Yi,a -* i'^lp')Y.,Yi,a 

and similarly for relative motivic cohomology By a simple devissage it there- 
fore suffices to show that the Chern character of etale pro-sheaves 

ch : {Ji^lp)Y.,Y^,a - ^^'^''-''~\pir)nf ®z Z/p) 

is an epimorphism for 2 < a < d + 5 and a monomorphism for 2 < a < d + 4. 
Observe that 

(10.4) ch : {J^lp)Y,,a - ^"iZy.iaJ^z Zip) 

is an isomorphism for all a < p. Concerning ( I10.4D . note that ^°'{'I-Yi{r)®z 
Tip) - for r 7^ a by |GL|. Indeed, Geisser-Levine show that there is precisely 
one such morphism ( 110. 4D compatible with Steinberg symbols on both sides, 
which our Chern character is, and that this one morphism is an isomorphism. 
Using the sheaf analog of the commutative diagram of exact sequences 
(110. ID . the isomorphism ( I10.4D and the following claim, we finish the proof 
of Theorem [TU31 

Claim 10.3. The Chern character induces an isomorphism 

(10.5) ch:(jr/p)y.,„ - 0^2'"-°(Zy.(r)®zZ/p) 

for2<a<d + b<p-l. 

In order to prove the claim we can assume that Y, is affine. Then by llEl 
Thm. 7] our Y, is the p-adic formal scheme associated to a smooth affine 
scheme YfW . With the notation as in Section [H in particular with i:Yi^Y 
the immersion of the closed fibre, there is a commutative diagram 

i*{J^lp)Y,a ^^^ e.<a^2'"-'^(5Jy(r)) 



{Ji^lp)Y.,a -^^ e,<„^2r-a(2y_(r)®zZ/p) 

The right vertical isomorphism is due to Kurihara UKull and the left vertical 
isomorphism is from Proposition 19. 2[ The top horizontal map is induced by 
Sato's Chern character [iSai Sec. 4]. In order to show that the latter induces 
an isomorphism in our situation we can make the base change W c W[Cp] with 
Cp a primitive p-th root of unity. Then it is clear that Sato's Chern character 
maps the Bott element to the Bott element and is compatible with Steinberg 
symbols. Therefore Proposition 19.51 shows that the top horizontal map is an 
isomorphism. D 

In order to finish the proof of the Main Theorem II. 3[ combine Theorem 17.51 
with Theorem [TU31 
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11. MiLNOR if -THEORY 

In this section we recall some properties of Milnor if -theory and we study 
the infinitesimal part of Milnor if -groups for smooth rings over W„, recollect- 
ing results of Kurihara IIKu2L UKuSII . The main result of this section, Theo- 
rem lll.3[ is used in Proposition I6.2r 4) to relate Milnor if -theory and motivic 
cohomology of a p-adic scheme. 
Consider the functor 

from commutative rings to graded rings, where St is the graded two-sided 
ideal generated by elements a i8> 6 with a + b = 1. 

Let S be a base scheme and let F~ be the sheaf on the category of schemes 
over S associated to the functor F in either the Zariski, Nisnevich or etale 
topology. The Milnor if -sheaf JTJ*^ is a certain quotient sheaf of i^~, defined in 
[|Ke2ll . In particular it is locally generated by symbols 

{Xi,...,Xr} with Xi,...,Xr^&'' ■ 

In fact, if the residue fields at all points of S are infinite, the map F~ ^ J^^ 
is an isomorphism. For a scheme XIS denote by '^x* ^^^ restriction of J:^^ 
to the small site of X. 

Let S = Spec k for a perfect field k with char^ = p >0 and let X e Sm^^. 

Proposition 11.1. 

(a) The sheaf J^^^ is p -torsion free. 

(b) The composite of the Teichmiiller lift and the dlog-map induces an iso- 
morphism 

dlog[-]:^i^>"^W„n^_i„g 
with the logarithmic de Rham-Witt sheaf 

Proof Part (a) is due to Izhboldin [O. Part (b) is due to Bloch-Kato [|BH. □ 

Let R be an essentially smooth local ring over W„ = W(k)/p"'. By i?i we 
denote R/ip). In this section, we study Milnor if -groups of i?. 

By the Milnor if -group K^{R) we mean the stalk of the Milnor if -sheaf in 
Zariski topology over Speci?. We consider the filtration f/'if^(i?) cif^(i?) 
(i > 1), where U^K^iR) is generated by symbols 

{l+p'x,X2,...,Xr} 

with xeR and xteR"" (2 < i < r). One easily shows that U^K^iR) is equal to 
the kernel of iff (i?) - K^iRi). 

Lemma 11.2. The group U^K^iR) is p-primary torsion of finite exponent. 

Proof Without loss of generality we can assume r = 2. The theory of pointy 

bracket symbols for the relative if -group K2(R,pR) ( HSKD . yields generators 

(a, h) of U^K^iR) defined for a,b eR with at least one of a, & e pR. Relations 

for the pointy brackets are: 

(i) {a,b) = -{b,a); a eR,b epR or b eR,a epR 

(ii) {a,b) + {a,c) = {a,b + c-abc); a epR or b,c epR 

(iii) {a, be) = {ab,c) + {ac,b); a epR. 
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Note that for a fixed, the mapping (6, c) '-^ b+c-abc is a formal group law. It 
follows that for N » 0, p^{a,b) = (a,0) = 0, so K2iR,pR) is p-primary torsion 
of finite exponent. D 

Theorem 11.3. For p >2 the assignment 

(11.1) pxdlogyi A . . . Ad\ogyr-i ^ {exp(px),yi, . . .,yr-i} 

induces an isomorphism 

(11.2) Exp :pn^;Vp^dn^;^ ^ u^K^iRn). 

Proof. 

1st step: Exp : pOT''^ - Kf{R) as in ( fTTTl ) is well-defined. 

Note that Kurihara UKuSII shows the exponential map is well defined if 
K^{R) is replaced by its p-adic completion K^iR)^. By standard arguments, 
see UKuSl Sec. 3.1], we reduce to r = 2. By Proposition IlLlf a) the group 
K^iRi) has no /j-torsion. This implies that for any n>l 

(11.3) o-t/^irf(i?)®z/i3"-iirf(i?)®z/p"-irf(i?i)®z/p"-o 

is exact. For n»0 Lemma fTT^l savs that U'^K^{R)^ZIp"' = U^K^iR). Taking 
the inverse limit over n in ( I11.3D we see that 

(11.4) U^K^iR)^K^iR)^ 

is injective. So the claim follows from the result of Kurihara mentioned above. 

2nd step: Exipip^dO.^^^) = 

Without loss of generality r = 2. The claim follows from the injectivity of 
(ITLl) and lfK{l3l Cor. 1.3]. 

3rd step: Exp : pn^"Vp^dOCr^^f/^ir^(i?„) is an isomorphism. 

Y^-yp^dn'-^ 



Set Gr = pOp ^/p^dO.L ^ and define a filtration on it by the subgroups 



Lf^Gr <^Gr ii> 1) given by the images of p'Q^ ^. Note that 

see mil Cor. 0.2.3.13]. In llKu2l Prop. 2.3] Kurihara shows that 

gr^G,-grX^(i?) 
is an isomorphism. This finishes the proof of the theorem. D 

Appendix A. Homological algebra 

In this section we collect some standard facts from homological algebra that 
we use. Let ,!7" be a triangulated category with ^-structure, see [iBBDl Sec. 1.3]. 



Lemma A.I. For an integer r and for an exact triangle 
in 3' with AeJ'-'' the triangle 



A^5^C^A[1] 



A-T<,fi-T<,C^A[1] 



is exact. 
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Lemma A.2. For A,B e 3' with A e 3'-^ and B e 3'-^ nST-^ assume given 
an epimorphism J^^iA) -^ J^^{B). Then this epimorphism lifts uniquely to a 
morphism A^B in 3', sitting inside an exact triangle 

A^B^C^Ail] 

which is unique up to unique isomorphism. 

Proof. The existence of such an exact triangle is clear from the axioms of trian- 
gulated categories. Note that C £ 3''^''. Uniqueness means that there exists a 
unique dotted isomorphism a in a commutative diagram with exact triangles 
as rows 

A ^ B ^ C ^ A[l] 




a 



¥ 

C -A[l] 

Existence and uniqueness follow from the exact sequence 

= Hom(C,5) - Hom(C, C) - Hom(C, A[l]) - Hom(C,S[l]). 

D 

Now we discuss pro-sheaves on sites. Let N be the category with the objects 
{1,2,3,...} and morphisms ni -^ M2 for ni > «.2. By the category of pro-systems 
Cpro, for a category C, we mean the category of diagrams in C with index 
category N and with morphisms 

MorCp,„(F.,Z.) = limlimMorc(r^,Z„). 

n m 

Definition A.3. Let S be a small site. 

(a) By Sh(S) we denote the category of sheaves of abelian groups on §. By 
C(S) we denote the category of unbounded complexes in Sh(S). 

(b) By Shpro(S) we denote the category of pro-systems in Sh(S). 

(c) By Cpro(S) we denote the category of pro-systems in C(S). 

(d) By Dpro(S) we denote the Verdier localization of the homotopy category 
of Cpro(S), where we kill objects which are represented by systems of 
complexes which have level-wise vanishing cohomology sheaves. 

For the construction of Verdier localization in (d) see UNei Sec. 2.1]. 

Lemma A.4. The triangulated category DproCS) has a natural t-structure 
iD-^(S),D-^(S)) with ^. e D^°o resp. 3^. e D^°o if ^. is isomorphic in Dpro(S) 
to 3^[ with J€\3'^ = for all neN and i > resp. for i < 0. The t-structure 
has heart Shpro(S). 

We write Z)pj.o(§), D~j.^iS) and Z)pj.o(S) for the bounded above, bounded be- 
low and bounded objects in D(§>) with respect to the ^-structure. 

Appendix B. Homotopical algebra 

In this section we introduce certain standard model categories of pro-systems 
over a small site S. 

Definition B.l. 
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(a) Let S(S) be the closed simplicial model category of simplicial presheaves 
on S, where cofibrations are injective morphisms of presheaves and 
weak equivalences are those maps which induce isomorphisms on ho- 
motopy sheaves, cf [iJarl Sec. 2]. 

(b) We endow the category of unbounded complexes of abelian sheaves 
C(S) with the closed simplicial model structure where cofibrations are 
injective morphisms and weak equivalences are those maps which in- 
duce isomorphisms on cohomology sheaves, see App. C in HCTHKII and 
Thm. 2.3.13 in DEovl. 

Definition B.2. 

(a) By Spro(S) we denote the closed simplicial model category of pro-systems 
of simplicial presheaves on S, where cofibrations are those maps which 
have a level representation by levelwise injective morphisms and where 
weak equivalences are those maps which have a level representation 
which induces a levelwise isomorphism on homotopy sheaves. 

(b) We endow Cpro(S) with the closed simplicial model structure, where 
cofibrations are those maps which have a level representation by level- 
wise injective morphisms and where weak equivalences are those maps 
which have a level representation which induces a levelwise isomor- 
phism on cohomology sheaves. 

Notation B.3. For a model category M we write hM for the associated homo- 
topy category. 

The pro-model structures in Definition IB.2I are due to Isaksen HIsalL He 
uses all pro-systems indexed by small cofiltering categories, whereas we al- 
low only N as index category. This means that in our model categories only 
countable inverse limits and finite direct limits exist, cf [Isa2, Sec. 11]. Also 
for our categories the simplicial functors if ® - resp. (-) exist only for a finite 
resp. countable simplicial set K. So in Definition lB.2l we use Quillen's original 
notion of a closed simplicial model category [Q]. Note that Isaksen calls his 
pro-category strict model category. 

Proposition B.4. 

(a) There are Quillen adjoint functors 

Spro(§) < ^pro(S) 

where the right adjoint K is the composition of the good truncation t<o 
and the Eilenherg-MacLane space construction. 

(b) There is a canonical ismorphism of categories 

Dpro(S) - hCpro(S) 

(c) There are Quillen adjoint functors 

S(S) ^^ Spro(S), 
lim 



C(§) ^^ Cpro(S), 
lim 
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where the left adjoint is the constant pro-system functor and the right 
adjoint is the inverse limit functor 

Notation B.5. 

• We write 

K:hCpro(S)-hSpro(S) 

for the functor induced by K : Cpro(S) -^ Spro(S). 

• We write [Yi,Y2] for the set of morphisms from Yi to Y2 in the homo- 
topy category. 

• The right derived functor holim : hSpro(S) -^ hSpro(S) of hm : Spro(S) -* 
S(S) is called homotopy inverse limit. By R lim : Dpro(S) —^ D(S) we 
denote the right derived functor of lim : Cpro(S) -^ C(S). 

Definition B.6. We define continuous cohomology of ^. e Dpro(S) by 

Hl^,iS,^.) = [Z[-il^.l 

where Z denotes the constant sheaf of integers. 

Continuous cohomology of sheaves was first studied in [Pal . Note that we 
have a short exact sequence 

(B.l) - \im^H'-Hs,^^)^Hl^^i§>,^,) - limH^(S,^„) - 0. 

n n 

Lemma B.7. For ^, £ Dpj.Q(§) there is a convergent spectral sequence 

with differential dr : E^'^ -^ Ef '^''^ '' . 

Lemma B.8. Let C, be in Spro(S) and assume that 7ri(C„) is commutative for 
any n>l. If there is N such that H^^^^^(S,njiC.)) = for i > N, then there is a 
completely convergent Bousfield-Kan spectral sequence 

E2=Hloni'<^^^tiC.)) =^ [S'-',C.] with t > s 
and differential dr : El' -^El ''' '' . 

Here nt is the pro-system of sheaves of homotopy groups and H^,^^^ of the 
sheaf of sets fioiC.) means simply global sections of the inverse limit. The 
indexing of the spectral sequence is as in fBoK', Sec. IX.4.2]. 

For C. - K(^.) with K as in Proposition |B]4la) and ^, as in Lemma [B.7l there 
is a natural morphism 

Ep\^.) -* E'/m^.)) it>s,r> 2), 

compatible with the differential dr, where the left side is a Bousfield-Kan 
renumbering of the spectral sequence of Lemma IB. 81 and the right side is the 
spectral sequence of Lemma IB.8[ This morphism is injective for t = s and 
bijective for t > s. 

Lemma [B.SI implies in particular the following lemma. 

Lemma B.9. Let C., C e Spro(S) satisfy the assumptions of Lemma \B.8\ and let 
^ : C , ^ C'be a morphism. 
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(a) Assume that for an integer n>l the induced map 

(B.2) Hl^JS, ntiO) ^ Hl^JS, ntiC')), 

is injective for all t,swith t-s = n-l, bijectivefor t-s = n and surjective 
for t-s = n + l. Then ^* : [S",C.] -^ [S",C[] is an isomorphism. 

(b) Assume that (IB.2I ) is surjective for t -s = 1 and injective for t = s. Then 
^* : [S", C.] - [S°, C[] is injective. 

Definition B.IO. An object C. e Spro(S) satisfies descent if for any object U eS 

r(f/,C.)-r(t/,FC.) 

is a an isomorphism in hSprod*})- Here FC. is a fibrant replacement in Spro(S). 



References 

[EGAS] Grothendieck, A., Dieudonne, J.: Elements de geometrie algebrique III: Etude coho- 

mologique des faisceaux coherents 1961-1963. 
[SGA4] Artin, M., Grothendieck, A., Verdier, J.-L.: Thorie des topos et cohomologie etale des 

schemas, 1963-1964, Lecture Notes in Mathematics 269, 270 and 305, 1972/3 
[SGA7] Dehgne, P., Grothendieck, A., Katz, N.: Groupes de monodromie en geometrie al- 
gebrique, 1967-1969, Lecture Notes in Mathematics 288 and 340, 1972/3. 
[BBD] Beilinson, A., Bernstein, J., Dehgne, P.: Faisceaux pervers, in Analysis and topology 

on singular spaces, I (Luminy, 1981), 5-171, Asterisque 100 (1982). 
[Be] Berthelot, P.: Cohomologie cristalline des schemas de caracteristique p > 0, Lecture 

Notes 407, Springer- Verlag, New York and Berlin (1974). 
[BOl] Berthelot, P., Ogus, A.: Azotes on Crystalline Cohomology, Mathematical Notes (1978), 

Princeton University Press. 
[B02] Berthelot, P., Ogus, A.: F-isocrystals and de Rham cohomology I, Invent, math. 72 

(1983), no. 2, 159-199. 
[Bl] Bloch, S: Semi-regularity and de Rham cohomology, Invent. Math. 17 (1972), 51-66. 
[B2] Bloch, S.: Algebraic Cycles and Higher K-Theory, Adv in Math. 61 (1986), 267-304. 
[BK] Bloch, S., Kato, K.: p-adic etale cohomology , Publ. Math, de I'l.H.E.S 63 (1986), 1-47. 
[BHM] Bbkstedt, M., Hsiang, W., Madsen, I. The cyclotomic trace and algebraic K-theory of 

spaces. Invent, math. Ill (1993), no. 3, 465-539. 
[BoK] Bousfield, A., Kan, D.: Homotopy limits, completions and localizations. Lecture Notes 

in Mathematics, Vol. 304. Springer- Verlag (1972), 348 pp. 
[CTHK] Colliot-Thelene, J.-L., Hoobler, R.; Kahn, B.: The Bloch-Ogus-Gabber theorem. Alge- 
braic K-theory (Toronto, ON, 1996), 31-94, Fields Inst. Commun., 16, Amer. Math. Soc, 

Providence, RI, 1997. 
[CTSS] Colliot-Thelene, J.-L., Sansuc, J. -J., Soule, C: Torsion dans le groupe de Chow de 

codimension deux, Duke Math. J. 50 (1983) no3, 763-801. 
[Del] Deligne, P.: Relevement des surfaces K3 en caracteristique nulle. Prepared for publica- 
tion by Luc Illusie. Lecture Notes in Math., 868, Algebraic surfaces (Orsay, 1976-78), pp. 

58-79, Springer, Berlin-New York, 1981. 
[De2] Deligne, P: Theorie de Hodge U, Publ. Math, de IT.H.E.S 40 (1971), 5-57. 
[DS] Dennis, R., Stein, M.: K2 of radical ideals and semi-local rings revisited. Algebraic 

iT-theory II (Proc. Conf , Battelle Memorial Inst., Seattle, Wash., 1972), pp. 281-303. 

Lecture Notes in Math. Vol. 342, Springer, Berlin, 1973. 
[EM] Elbaz-Vincent, P., Miiller-Stach, S.: Milnor K-theory of rings, higher Chow groups and 

applications. Invent. Math. 148 (2002), no. 1, 177-206. 
[E] Elkik, R.: Solutions d'equations a coefficients dans un anneau henselien, Ann. Sci. Ecole 

Norm. Sup. (4) 6 (1973), 553-603 (1974). 
[Em] Emerton, M.: A p-adic variational Hodge conjecture and modular forms with complex 

multiplication, preprint. 



p-ADIC DEFORMATION 33 

[FM] Fontaine, J.-M., Messing, W.: p-adic periods and p-adic etale cohomology, Contempo- 
rary Mathematica, vol. 87 (1987), 179-207. 
[GHl] Geisser, T., Hesselholt, L.: On the relative and bi-relative K-theory of rings of finite 

characteristic, J. Amer Math. See. 24 (2011), 29-49. 
[GH2] Geisser, T., Hesselholt, L. : Topological cyclic homology of schemes, Algebraic if -theory 

(Seattle, WA, 1997), 41-87, Proc. Sympos. Pure Math., 67, Amer Math. Soc, Providence, 

RI, 1999. 
[GH3] Geisser, T., Hesselholt, L. : On the K-theory and topological cyclic homology of smooth 

schemes over a discrete valuation ring. Trans. Amer. Math. Soc. 358 (2006), no. 1, 131- 

145. 
[GH4] Geisser, T, Hesselholt, L.: The de Rham-Witt complex and p-adic vanishing cycles, J. 

Amer. Math. Soc. 19 (2006), no. 1, 1-36. 
[GL] Geisser, T., Levine, M.: The K-theory of fields in characteristic p, Invent, math. 139 

(2000), no. 3, 459-493. 
[Gil] Gillet, H.: Riemann-Roch Theorems for Higher K-Theory, Adv. in Math. 40 (1981), 203- 

289. 
[Go] Goodwillie, T: Relative algebraic K-theory and cyclic homology, Annals of Math. (2) 124 

(1986), no. 2, 347-402. 
[G] Gros, M.: Classes de Chern et classes de cycles en cohomologie de Hodge-Witt logarith- 

mique, Memoires de la S.M.F. 2-ieme serie, tome 21 (1985), 1-87. 
[GS] Gros, M., Suwa, N.: La conjecture de Gersten pour les faisceaux de Hodge-Witt logarith- 

miques, Duke math. J. 57 2 (1988), 615-628. 
[GK] Gros, M., Kurihara, M.: Regulateurs syntomiques et valeurs de fonctions L p-adiques I, 

Invent, math. 99 (1990), 293-320. 
[G] Grothendieck, A.: On the de Rham cohomology of algebraic varieties, Publ. Math. I.H.E.S 

29 (1966), 95-103. 
[HM] Hesselholt, L., Madsen, I.: On the De Rham-Witt complex in mixed characteristic, Ann. 

Sci. Ecole Norm. Sup. (4) 37 (2004), no. 1, 1-43. 
[Hov] Hovey, M.: Model categories. Mathematical Surveys and Monographs, 63. American 

Mathematical Society, Providence, RI, 1999. 
[II] Illusie, L.: Complexe de de Rham-Witt et cohomologie cristalline, Annales Scientifiques 

de I'E.N.S, 4e serie, tome 12, no 4 (1979), 501-661. 
[Isal] Isaksen, D.: Strict model structures for pro-categories. Categorical decomposition tech- 
niques in algebraic topology (Isle of Skye, 2001), 179-198, Progr. Math., 215, Birkhauser, 

Basel, 2004. 
[Isa2] Isaksen, D.: A model structure on the category of pro-simplicial sets, Trans. Amer. 

Math. Soc. 353 (2001), no. 7, 2805-2841. 
[Iz] Izhboldin, O.: On p-torsion in K^f for fields of characteristic p. Algebraic if -theory, 129- 

144, Adv Soviet Math., 4 , Amer Math. Soc, Providence, RI, 1991. 
[Ja] Jannsen, U.: Continuous etale cohomology. Math. Ann. 280 (1988), no. 2, 207-245. 
[Jar] Jardine, J. F: Simplicial presheaves, J. Pure Appl. Algebra 47 (1987), no. 1, 35-87. 
[Kl] Kato, K.: Galois cohomology of complete discrete valued fields, in Algebraic if -Theory 

Part II, Oberwolfach 1980, 215-238, Lecture Notes in Mathematics 967 (1982), Springer 

Verlag. 
[K2] Kato, K.: On p-adic vanishing cycles (application of ideas of Fontaine-Messing), in Al- 
gebraic Geometry Sendai, 1985, 207-251, Adv Stud. Pure Math., 10, North-Holland, 

Amsterdam, 1987. 
[Kt] Katz, N.: Nilpotent connections and the monodromy theorem: Applications of a result of 

Turrittin, Inst. Hautes Etudes Sci. Publ. Math. No. 39 (1970), 175-232. 
[Kel] Kerz, M.: The Gersten conjecture for Milnor K-theory, Invent, math. 175 1 (2009), 1-33. 
[Ke2] Kerz, M.: Milnor K-theory of local rings with finite residue fields, J. Algebraic Geom. 

19 (2010), no. 1, 173-191. 
[Kul] Kurihara, M.: A Note on p-adic Etale Cohomology, Proc. Japan Acd. 63, Sen A (1987), 

275-278. 
[Ku2] Kurihara, M.: Abelian extensions of an absolutely unramified local field with general 

residue field. Invent, math. 93 (1988), 451-480. 



34 SPENCER BLOCK, HELENE ESNAULT, AND MORITZ KERZ 

[Ku3] Kurihara, M. The exponential homomorphisms for the Milnor K-groups and an explicit 
reciprocity law, J. Reine Angew. Math. 498 (1998), 201-221. 

[MVW] Mazza, C, Voevodsky, V., Weibel, C: Lecture notes on motivic cohomology, Clay Math- 
ematics Monographs, 2, American Mathematical Society (2006). 

[Mc] McCarthy, R.; Relative algebraic K-theory and topological cyclic homology, Acta Math. 
179 (1997), 197-222. 

[Mi] Milne, J.: Values of zeta functions of varieties over finite fields, Amer. J. Math. 108, (1986), 
297-360. 

[Mil] Milnor, J.: Introduction to algebraic K-theory, Annals of Mathematics Studies, No. 72. 
Princeton University Press (1971). 

[Ne] Neeman, A.: Triangulated Categories, Annals of Mathematical Studies 148, Princeton 
University Press (2001). 

[Pu] Pushin, O.: Higher Chern classes and Steenrod operations in motivic cohomology, K- 
Theory 31 (2004), no. 4, 307-321. 

[Q] Quillen, D.: Homotopical algebra. Lecture Notes in Mathematics, No. 43 Springer- 
Verlag, Berhn-New York 1967. 

[Sa] Sato, K.: Characteristic classes for p-adic etale Tate twists and the image of p-adic regu- 
lators, preprint (2010). 

[Sp] Spaltenstein, N.: Resolutions of unbounded complexes, Comp. Math. 65 2 (1988), 121- 
154. 

[Sr] Srinivas, V.: Algebraic K-theory, Modern Birkhauser Classics. Birkhauser Boston, Inc., 
Boston, MA, 2008. 

[SV] Suslin, A., Voevodsky, V.: Bloch-Kato conjecture and motivic cohomology with finite co- 
efficients, in The Arithmetic and Geometry of Algebraic Cycles, Nato Sciences Series, 
Series C, vol. 548 (2002), 117-189. 

[TT] Thomason, R., Trobaugh, T.: Higher algebraic K-theory of schemes and of derived cate- 
gories, The Grothendieck Festschrift, Vol. Ill, Progress Math. 88 (1990), 247-435. 

[SK] van der Kallen, W., Stienstra, J.: The relative K2 of truncated polynomial rings, J. Pure 
and Applied Algebra 34 (1984), 277-289. 

5765 S. Blackstone Ave., Chicago, IL 60637, USA 

Fakultat fur Mathematik, UniversitAt Duisburg-Essen, 45117 Essen, Ger- 
many 

FakultAt fur Mathematik, UniversitAt Regensburg, 93040 Regensburg, Ger- 
many 

E-mail address: spencer_bloch@yahoo . com 

E-mail address: esnaultOuni-due . de 

E-mail address: inoritz.kerz@mathematik.uiii-regensburg.de 



